In this paper, exploring multicarrier waveforms, we investigate the performances of coexistence between radar and communication systems. Performances are measured in terms of radar mutual information (RMI) for the radar system and communication data rate (CDR) for the communication system. Two joint design schemes are proposed based on isolation and sharing, respectively. Firstly, for the isolationbased scheme, radar and communication signals are transmitted/received on the isolated bands. Two independent problems of RMI/CDR maximization are proposed and the optimal power allocation solutions can be characterized using Karush-Kuhn-Tucker (KKT) optimality conditions. This scheme undertakes the advantage of interference avoidance and easy implementation. Secondly, for the sharing-based scheme, radar and communication signals can be transmitted/received on the same band and the RMI/CDR maximization problems are jointly solved. The optimal power allocation solutions are optimized by the proposed sequential optimization algorithm. Compared with the isolation-based scheme, this scheme is more flexible and brings additional gain on performance at the price of higher complexity. Finally, simulation results are provided to analyze and discuss the performance and validate the theoretical results.
I. INTRODUCTION
The applications of radar have been extended to remote sensing, driverless vehicle, collision avoidance and so on. Meanwhile, the increasing transmission data requirement has driven carrier frequencies of communication to the bands traditionally allocated to the radar system. How to solve the problem of co-existence between radar and communication systems has been the focus of concentrated research [1] , [2] .
Recently, the solutions to the co-existence problem have developed two general directions. The first one aims to a functional co-existence that performs the functions of radar and communication simultaneously [1] , [3] - [6] . Integrated transmitter and waveforms are applied, which bring the advantage of interference avoidance and efficiently utilizing The associate editor coordinating the review of this manuscript and approving it for publication was Guolong Cui . hardware resources. However, the system gets more complicated due to the requirement of performing two different functions via one platform. The second research direction focuses on the co-existence in spectral overlap [1] , [7] - [9] , which may cause significant interference and performance degradation for both systems. In practice, the technologies of interference avoidance and mitigation are vital for this co-existence scheme [10] - [15] . The authors in [10] present an overview of interference mitigation techniques. Adopting cognitive radio technology, the authors in [11] mitigate interference between the two systems. Bounds on performance of radar and communication co-existence are analyzed in [12] , [13] and a novel parameter metric, i.e., estimation information rate, is proposed to characterize the performance of the radar system. In [14] , a null-space projection (NSP) method is adopted to minimize the interference between radar and communication systems. A new theoretical foundation is proposed to solve the joint RMI and CDR maximization problem. That is, we first solve the problem of RMI maximization for a fixed communication power, and then solve the problem of CDR maximization for a fixed radar power. Finally, simulation results demonstrate the considerable performance improvements of the proposed sequential optimization algorithm.
The remainder of this paper is organized as follows. Section II presents the system and signal models. In Section III, we present the performance metrics for the radar and communication systems. The proposed algorithms for the isolation-based and sharing-based schemes are developed in Section IV and Section V, respectively. Section VI gives numerical results, and conclusions drawn in Section VII.
Notations: The superscript (·) T and (·) * denote transpose and optimality, respectively. · denotes the Euclidean norm. E {·} indicates the statistical expectation. |·| represents the modulus of a complex number. max {x, y} denotes the maximum of x and y. joint design schemes:
• 1) The isolation-based scheme. As shown in Fig. 2(a) , the total available subcarriers with intercarrier spacing f are divided into two categories: the radaronly subcarrier where only radar signal exists and the communication-only subcarrier where only communication signal exists. In this scheme, radar and communication systems can be treated as two independent equipments without interference from each other. That is, only radar (communication) signal exists at the radar (communication) RX. This scheme is the traditional solution to the co-existence problem.
• 2) The sharing-based scheme. As shown in Fig. 2(b) , the total available subcarriers are divided into three categories: radar-only subcarrier, communication-only subcarrier, and shared subcarrier, which is used by both radar and communication systems. For the shared subcarrier, since both radar and communication signals exist, we have to jointly process the received radar and communication signals at the RXs. As a consequence, spectral resources can be used more efficiently and how to handle the mutual interference is vital for this scheme. Remark 1: By comparing the two schemes, we can find that the sharing-based scheme is more general and the isolationbased scheme is a special form of the sharing-based scheme from a signal processing point of view. However, it is still necessary to consider the two schemes separately with the following reasons: 1) In terms of the isolation-based scheme, it is easier to handle and more appealing for practical implementation. This is because there is no interference from each other and we can treat radar and communication systems independently.
2) The formulations of the two schemes are mathematically different and have to be solved through different techniques.
B. SIGNAL MODEL 1) TRANSMITTED AND RECEIVED RADAR SIGNALS
Define P r,k as the transmitted radar power on the k-th subcarrier, the transmitted radar signal is given by [23] , [24] 
where t is the fast-time index, q r (t) and f 0,r are radar waveform the carrier frequency of radar signal, respectively, K r denotes the subcarrier number of radar signal, which satisfies K r ≤ K with K denoting the number of total available subcarrier.
As mentioned earlier, the received compound signal at the radar RX originates from target and communication TX. Then, for the k-th subcarrier, the received compound signal can be given by
where s c,k and P c,k denote the transmitted communication signal and corresponding power on the k-th subcarrier, respectively, w r,k is the output zero-mean noise with variance σ 2 r,k , h rr,k and τ rr denote the complex coefficient and propagation delay of link between radar TX and target, respectively, h cr,k and τ cr are the complex coefficient and propagation delay of link between communication TX and radar RX, respectively. After down-conversion and delay compensation, x r,k (t) passes through a matched filter and outputs y r,k = P r,k h rr,k + P c,k h cr,k + w r,k .
(3)
2) TRANSMITTED AND RECEIVED COMMUNICATION SIGNALS
Define q c (t) as communication waveform, and then the transmitted communication signal is given by
where f 0,c is the carrier frequency of communication signal, K c denotes the subcarrier number of communication signal and satisfies K c ≤ K . The compound signal received at communication RX consists of the transmitted signals from radar and communication TXs, which can be given by
where w c,k is the zero-mean noise with variance σ 2 c,k , h cc,k and τ cc denote the complex coefficient and propagation delay of link between communication TX and RX, respectively, h rc,k and τ rc denote the complex coefficient and propagation delay of link between radar TX and communication RX, respectively. After down-conversion and delay compensation, 
Remark 2: From a practical stand point, one of the main drawbacks for OFDM signal is the large peak-to-average power ratio (PAPR), which results in ICI and high out-ofband radiation, mainly due to the nonlinearity of the large power amplifier [30] . Over the past several years, there have been many schemes to minimize the PAPR, such as block coding, phase modulation transform and so on. We will investigate the problem of co-design between radar and communication systems taking into account the PAPR in the future.
III. PERFORMANCE METRICS FOR RADAR AND COMMUNICATION SYSTEMS
In this section, we introduce the performance metrics for radar and communication systems. Here, RMI and CDR, which have been used in many applications [28] , [29] , [40] , are adopted to characterize the performances of radar and communication systems, respectively.
A. RADAR MUTUAL INFORMATION
For radar target detection [31] , [32] , waveform design [33] , [34] , equipment deployment [35] , [36] , and task scheduling [37] , a precise estimation of target impulse response is necessary. RMI is an appropriate metric to characterize the estimation accuracy of the system parameters [20] , [28] , [29] . The more RMI, the better performance we can achieve. Suppose the target impulse response is a Gaussian random process and the target spectra on different subcarriers are independent, then we give the following proposition:
Proposition 1: In view of the AWGN in Eq. (3), the RMI can be given by
where T pri denotes the pulse repetition interval, r,k is the SINR of k-th subcarrier for the radar system. Proof: See Appendix A.
B. COMMUNICATION DATA RATE
CDR is an important metric to characterize the performance of the communication system. Without loss of generality, the frequency selective fading channel is considered. We rewrite the output mentioned in Eq. (6) as
where ι c,k = P r,k h rc,k + w c,k . The RMI of k-th subcarrier is characterized by the mutual information between y c,k and h cc,k , i.e., I y c,k ; h cc,k . In terms of Gaussian channel, the CDR across all K c subcarriers can be formulated as [40] 
where c,k denotes the SINR on the k-th subcarrier. From Eq. (9), we can see that the higher SINR the larger CDR.
IV. PERFORMANCE OPTIMIZATION FOR ISOLATION-BASED SCHEME
In this section, we study the performances of isolation-based scheme. As mentioned earlier, the received radar and communication signals are operated on isolated subcarrier(s), so that we can deal with them independently. The optimal power allocation solutions can be characterized by using Karush-Kuhn-Tucker (KKT) optimality conditions [40] , [41] . To facilitate discussions, for the radar and communication systems, the normalized signal-to-noise rate (SNR) are, respectively, defined as
and the normalized interference-noise rate (INR) are, respectively, defined as
Note that the above 4 defined variables denote the SNR or INR per unit transmission power and can be applied to characterize the channel strength of desired or interference signals.
A. RADAR MUTUAL INFORMATION MAXIMIZATION PROBLEM
Let P r = P r,1 , P r,2 , · · · , P r,K r T denote power allocation solution for the radar system, which satisfies K r k=1 P r,k = P r,tot with P r,tot denoting the total available radar power. Then, the RMI maximization problem can be formulated as
where constraint (14b) represents the power budget for the radar system, constraint (14c) means that the allocated power in each subcarrier should not be lower than ξ r , and P r,tot ≥ K r ξ r should be satisfied to hold the feasibility of the problem. The reason for minimizing RMI instead of maximizing RMI is to construct a standard convex optimization problem. The optimal solution of (P I −r ) is summarized in proposition 2. Proposition 2: Given a certain total power P r,tot , the optimal power allocation solution P * r = P * r,1 , P * r,2 , · · · , P * r,K r T of problem (P I ,r ) is
where K r k=1 P * r,k = P r,tot . Proof: See Appendix B. An iterative algorithm similar to water filling [40] , [42] is proposed to allocate the total power P r,tot across all the K r subcarriers. As shown in Fig. 3, 1 γ rr,k is regarded as the ground level of k-th subcarrier. From Eq. (15) we can see that
is satisfied. Assuming there are N 1 (≤ K r ) subcarriers satisfying condition (16) . Then, we increase the flood level until the total amount of power reaches P r,tot − N 1 ξ r . The depth of power, as shown in Fig Similar to the way of deriving P * r , to maximize CDR, the total communication power P c,tot is adaptively allocated to the K c = K − K r subcarriers according to their channel states, which can be formulated as
where constraint (17b) denotes the power budget for the communication system, (17c) means that the allocated power in each subcarrier should not be lower than ξ c . To hold the feasibility of problem (P I −c ), P c,tot ≥ K c ξ c should be satisfied.
The objective function (17a) is strictly convex and the constraints (17b) and (17c) are affine. Therefore, (P I −c ) is a convex optimization problem, the optimal solution of which can be characterized by using the KKT optimality conditions. The corresponding Lagrangian form of problem (P I −c ) is
where µ = µ 1 , µ 2 , · · · , µ K c T and v are Lagrangian multipliers. Then, the KKT conditions are given as follows:
denote the optimal allocation solution of communication power, we have
where K c k=1 P * c,k = P c,tot should be satisfied to hold the feasibility of the optimal solution. The iterative algorithm mentioned in Algorithm 1 can be used to solve P * c by replacing Eq. (15) with Eq. (20) .
Remark 3: It is worth noting ξ r (ξ c ) is vital in preventing the radar (communication) system from allocating the total power only on a few subcarriers, which will reduce the bandwidth of system and lead to degradation of performance (such as range resolution, tracking accuracy and so on) [23] , [38] .
V. PERFORMANCE OPTIMIZATION FOR SHARING-BASED SCHEME
In this section, we solve the problem of joint RMI and CDR maximization for the sharing-based scheme. A sequential optimization algorithm is proposed. We firstly solve the solution P r of RMI maximization problem with fixed P c and then solve the solution P c of CDR maximization problem with fixed P r .
A. JOINT RMI AND CDR MAXIMIZATION PROBLEM Assume there are K 1 radar-only subcarriers, K 2 communication-only subcarriers, and K s shared subcarriers, where K 1 + K 2 + K s = K . Then, for the k s -th subcarrier, k s = 1, 2, · · · , K s , the SINR of radar and communication systems can be, respectively, given by
and
From Eqs. (7) and (9), the RMI and CDR for the shared-based scheme can be, respectively, given by
It is clear that, for the sharing-based scheme, R (P r , P c ) and C (P c , P r ) depend on the radar and communication power simultaneously. Thus, we have to jointly solve the RMI and CDR maximization problem, which can be formulated as
In this subsection, a sequential algorithm is proposed to solve the optimization problem (P S ). The basic idea is optimizing P r with fixed P c firstly and then optimizing P c with fixed P r is considered. More specifically, with the optimal solution P l c derived from the l-th iteration, we solve the optimal solution P r of the following subproblem:
(P S−r ) is a convex problem since objective function (26a) is convex and constraints (26b), (26c) are affine. Then, in terms of the optimal solution P * r , we give the following proposition: Proposition 3: With the fixed P l c , the optimal solution for the k s -th shared subcarrier can be given by
and the optimal solution for the k 1 -th radar-only subcarrier can be given by
Besides, the optimal solution P * r should be feasibility, which satisfies
Proof: See Appendix C. The iterative algorithm mentioned in Algorithm 1 can be used to solve the power solution P l+1 r , by replacing Eq. (15) with Eqs. (27) and (28) . We now solve for P l+1 c in terms of P l+1 r , which can be formulated as
Problem (P S−c ) is a convex problem since objective function (30a) is convex and constraints (30b) and (30c) are affine. Then, for the convex problem (P S−c ), the optimal solution P * c can be characterized by using KKT conditions. Similar to the way of deriving P * r , the optimal allocation solution P * c can be given as follows:
for the k s -th shared subcarrier and
for the k 2 -th communication-only subcarrier. Power allocation solution P * c should be feasibility, which satisfies
The iterative algorithm mentioned in Algorithm 1 can be used to solve the power allocation solution P l+1 c , by replacing Eq. (15) with Eqs. (31) and (32) . The above sequential optimization algorithm is stopped when the following conditions are no more than a pre-assigned number ε:
It is obvious that the objective function is bounded and nondecreasing in each iteration. The above iterative algorithm will converge due to the monotone convergence theorem [23] , [43] . The computational complexity of Algorithm 2 depends on the number of iterations l as well as the numbers of K 1 , K 2 , and K s . The convex problems P S−r and P S−c have the complexity of O K 1 +K s P r,tot ν and O K 2 +K s P c,tot ν , respectively. As a consequence, the overall computational complexity of the proposed sequential algorithm is O (K 1 +K s )(K 2 +K s ) P r,tot P c,tot ( ν) 2 .
Algorithm 2 Sequential Optimization Algorithm for Problem (P S ) Input: Number of subcarrier K r and K c , total powers P r,tot and P c,tot , channel SNRs γ rr,k and γ cc,k , subcarrier power constraints ξ r and ξ c , Lagrangian multiplier ν, and tolerance ε. Output: Power allocation solutions P * r and P * c for problem (P S ). Initialization: P r , P c , ν, iteration index l. while Convergence conditions (34) are not satisfied do With fixed P l−1 c , update P l r according to (27) and (28) . while (29) is not satisfied do Update ν = ν ± ν. Update P l r according to (27) and (28) . end With fixed P l r , update P l c according to (31) and (32) . while (33) is not satisfied do Update ν = ν ± ν. Update P l c according to (31) and (32) . end Set l = l + 1. end Update P * r = P l r and P * c = P l c . 
VI. NUMERICAL EXAMPLES
In this section, we provide numerical examples to demonstrate the performances of the isolation-based and sharingbased schemes. Four channel coefficients h rr,k , h cc,k , h rc,k and h cr,k for the k-th subcarrier are generated from Gaussian distribution CN ∼ 0, σ 2 rr , CN ∼ 0, σ 2 cc , CN ∼ 0, σ 2 rc and CN ∼ 0, σ 2 cr , respectively. Unless otherwise stated, the other parameters in the simulation are set as follows: the strength of the desired radar and communication signals are normalized as σ 2 rr = σ 2 cc = 1; the strength of interference is set as σ 2 rc = σ 2 cr = 0.1; the total number of subcarrier is K = 16; the convergence tolerance ε = 0.01; the total radar and communication powers are P r,tot = P c,tot = 500; the lowest powers of for radar and communication subcarriers are ξ r = ξ c = 10; the subcarrier spacing is f = 0.25 (MHz) and pulse duration T p = 1/ f = 4 × 10 −6 (s); the average performances are obtained by 100 trials of channel realization. Fig. 4 depicts RMI versus the number of radar subcarrier K r for the situations of K c = 0, K c = 8, K c = 12 and K c = 16. We can see that the RMI is getting larger with the increase of K r and the points A 1 , A 2 , A 3 , B 1 , B 2 , B 3 correspond to the best RMI for the corresponding situations. A 3 corresponds to the best RMI when K c = 0 for the isolation-based and sharing-based schemes. For the situation of K c = 8, 1 ≤ K r ≤ K − K c = 8 for the isolation-based scheme and A 1 corresponds to the best RMI. However, for the sharing-based scheme, all the subcarriers still can be used by radar system and B 1 corresponds to the best RMI. Similarly, when K c = 12, A 2 and B 2 correspond to the best RMI for the isolation-based and sharing-based schemes, respectively. The RMI corresponding to B 1 and B 2 are much larger than those corresponding to A 1 and A 2 , respectively, which means that there will be a great performance improvement adopting the sharing-based scheme compared with the isolation-based scheme. For the situation of K c = 16, the isolation-based scheme does not work anymore because there is no available subcarrier for the radar system. However, for the sharingbased scheme, there is still a certain amount of RMI achieved by the radar system even though there is performance reduction compared with the other situations. For the sharingbased scheme, A 3 , B 1 , B 2 and B 3 correspond to K s = 0, K s = 8, K s = 12 and K s = 16, which means the smaller K c the larger K s . It is clear that, among all the 4 situations,
This means the larger of K s the larger communication-to-radar interference, which leads to a larger performance reduction. Fig. 5 depicts CDR versus the number of radar subcarrier K c for K r = 0, K r = 8, K r = 12 and K r = 16. K r = 0 means there is no radar-to-communication interference and C 3 corresponds to the best communication performance for both schemes. For the situation of K r = 8, the number of available subcarrier for the isolation-based and sharingbased schemes are 1 ≤ K c ≤ K − K r = 8 and 1 ≤ K c ≤ K = 16, respectively; C 1 and D 1 correspond to the best performances of the isolation-based and sharing-based schemes, respectively. For the situation of K r = 12, the number of available subcarrier for the isolation-based and sharingbased co-design schemes are 1 ≤ K c ≤ K − K r = 4 and 1 ≤ K c ≤ K = 16, respectively; C 2 and D 2 correspond to the best performances of the isolation-based and sharing-based co-design schemes, respectively. The CDR corresponding to D 1 and D 2 are much larger than those corresponding to C 1 and C 2 , respectively, which means that there will be a great performance improvement adopting sharing-based scheme compared with the isolation-based scheme. For the situation of K r = 16, only the sharing-based scheme works. It is clear that, among all the 4 situations,
This means the larger of K r the larger performance reduction because of the radar-to-communication interference. Fig. 6 depicts the normalized RMI versus interference variance σ 2 cr . We can see that performance degradation is getting larger when σ 2 cr increases since the radar system experiences stronger interference due to communication-toradar interference, which leads to a smaller SINR at the radar RX. Meanwhile, we can also see that the performances are best when K r = 16, K c = 6 and worst when K r = 16, K c = 12 among the three situations. This indicates that the larger of K c the larger performance reduction because of larger interference from the radar system. To give further insight, we look into power allocation for the specific subcarrier conditions for both isolation-based and sharing-based schemes. Fig. 7 depicts the normalized SNRs γ rr,k and γ cc,k . We can see that some subcarriers are good for radar but bad for communication, such as subcarrier 9 and 11, some subcarriers are good for communication but bad for radar, such as subcarriers 4 and 13; some subcarriers are bad for both radar and communication, such as subcarriers 2 and 8; meanwhile, some subcarriers are good for both systems, such as subcarriers 1 and 14, which imposes a potential competition. Based on the specific channel conditions depicted in Fig. 7 , Figs. 8(a)-8(d) show power allocation results for the isolationbased scheme. Fig. 8(a) shows the allocation results when K r = 16 and K c = 0, which means all the available subcarriers are used by radar system. The total radar power is allocated to all the subcarriers only considering radar channel conditions. Because subcarriers 2, 3, 4, 8 and 13 are bad for radar system, the allocated powers to these subcarriers equal to the least required power ξ r . Meanwhile, P r,11 is the largest because subcarrier 11 is best for radar system among all the subcarriers. Fig. 8(b) shows the allocation results when K r = 0 and K c = 16, which means all the available subcarriers are used by communication system. The total communication power is allocated to all the subcarriers (only considering communication channel conditions). Because subcarriers 2, 6, 7, 8, 9, 10, 11 and 16 are bad for communication system, the allocated power to these subcarriers equal to the least required power ξ c . Meanwhile, P c,15 is the largest since subcarrier 15 is the best for communication system among all subcarriers. Fig. 8(c) shows the allocation results when K r = 8 and K c = 8. Radar and communication systems are operated on the isolated subcarriers without interference to each other. For radar system, the total radar power is allocated to the former 8 subcarriers. P r,1 is the largest since it is best for radar system except for subcarrier 11, which is occupied by communication system. Meanwhile, for communication system, the total power is allocated to the latter 8 subcarriers. Clearly, for the isolation-based scheme, radar and communication can be treated as two independent systems without interference from each other.
Based on the specific channel conditions depicted in Fig. 7 , Figs. 9(a) -9(b) show allocation results for the sharing-based scheme when K r = 16 and K c = 12, K r = 12 and K c = 16, respectively. In Fig. 9(a) , the former 4 subcarriers are only used by radar system and the latter 12 subcarriers are used by both radar and communication systems, i.e., K s = 12. By comparing Fig. 8(a) and Fig. 9(a) , the sum of P r,1 , P r,2 , P r,3 and P r,4 are much larger because of the communicationto-radar interference (existing on the latter 12 subcarriers), which will lead to the reduction of subcarrier SINR. We see that the power allocated to some subcarriers, such as subcarrier 5 and 15, are much smaller because the communicationto-radar interference. However, P r,6 and P r,7 are larger than the situation of K r = 16 and K c = 0, as shown in Fig. 8(a) . This is because subcarriers 6 and 7 are bad for communication system, which means the communication-to-radar interference on subcarriers 6 and 7 are much smaller compared with the other shared subcarriers. In Fig. 9(b) , the latter 4 subcarriers are only used by communication system and subcarriers 1-12 are used by both radar and communication systems. By comparing Fig. 8(b) and Fig. 9(b) , we see that the power allocated to subcarrier 1 (which is good for both radar and communication systems) is much smaller because of the radar-to-communication interference.
VII. CONCLUSION
Based on information theory, power allocation and co-design for multicarrier radar and communication systems in coexistence has been studied. Two joint design schemes have been proposed, namely an isolation-based scheme that radar and communication systems can be regarded as two independent systems, and a sharing-based scheme which allows radar and communication to operate on the same subcarrier(s). Firstly, for the isolation-based scheme, the radar and communication power allocation solutions can be optimized independently, which can avoid the mutual interference and be easy to implement. Secondly, for the sharing-based scheme, we jointly optimize the power allocation solutions of radar and communication by proposing a sequential optimization algorithm. Finally, numerical results have showed that the sharing-based scheme brings significant gains in RMI and CDR over a conventional isolation-based scheme.
APPENDIX A PROOF OF PROPOSITION 1
We rewrite the output mentioned in Eq. (3) as y r,k = P r,k h rr,k + ι r,k ,
where ι r,k = P c,k h cr,k + w r,k . For the sake of simplicity, we omit the right subscript r during this proof. The RMI of k-th subcarrier is characterized by the mutual information between y k and h k , i.e., I (y k ; h k ) [29] . In particular, the Gaussian distribution maximizes the entropy over all distributions with the same variance. Then, in view of AWGN, the differential entropy H (y k ) and H (h k ) can be derived by [40] H (y k ) = 1 2
respectively. Hereafter, the RMI across all the K subcarriers of each sample can be given by R = I (y 1 , y 2 , · · · , y K ; h 1 , h 2 , · · · , h K ) = H (y 1 , y 2 , · · · , y K ) − H (y 1 , y 2 , · · · , y K |h 1 , h 2 , · · · , h K )
= H (y 1 , y 2 , · · · , y K ) − H (ι 1 , ι 2 , · · · , ι K |h 1 , h 2 , · · · , h K ) = H (y 1 , y 2 , · · · , y K ) − H (ι 1 , ι 2 , · · · , ι K ) (38) For the radar system, the transmitted and received signals are usually separated in the time domain. This is because, in a monostatic case, TX and RX share the same antenna, which means the signals cannot be transmitted and received simultaneously. The transmitted time in one second can be given by
where T p and T cp denote the pulse duration and cyclic prefix, respectively. To ensure the orthogonality between different subcarriers, the following condition should be satisfied [40] :
Thus, we can get that there are 2T tran f samples each second and the RMI can be expressed by
where k = E P k |h k | 2 E |ι k | 2 , and the proof is completed.
APPENDIX B PROOF OF PROPOSITION 2
The objective function (14a) is strictly convex and the constraints (14b) and (14c) are affine. Therefore, (P I −r ) is a convex optimization problem, the optimal solution of which can be characterized by using KKT optimality conditions [40] , [41] . The corresponding Lagrangian form of problem (P I −r ) is
where µ = µ 1 , µ 2 , · · · , µ K r T and v are Lagrangian multipliers. Then, the KKT conditions are given as follows:
− γ rr,k T pri 1 + P r,k γ rr,k −µ k +ν = 0, (43a)
There are two possibilities regarding the power allocation for each subcarrier: P r,k = ξ r and P r,k > ξ r . Assuming that there are N 1 subcarriers allocated with P r,k = ξ r and the corresponding indexes are included in set N 1 ; N 2 subcarriers allocated with P r,k > ξ r and the corresponding indexes are included in set N 2 . Then, Eq. (43) can be written as
Eq. (44d) implies that K r k=1 P * r,k = P r,tot should be satisfied to hold the feasibility of optimal solution. Eqs. (44a) and (44b) imply that:
Clearly, we can rewrite Eq. (45) as P * r,k = max ξ r ,
APPENDIX C PROOF OF PROPOSITION 3
To solve the optimal solution P * r of problem (P S−r ) with fixed P l c , the corresponding Lagrangian form is needed, namely 1 T pri log 2 1 + P r,k 1 γ rr,k 1 −
where λ = λ 1 , λ 2 , · · · , λ K 1 T , ζ = ζ 1 , ζ 2 , · · · , ζ K s T and v are Lagrangian multipliers. Then, the KKT conditions are given as follows:
− γ rr,k s T pri ι l k s + P r,k s γ rr,k s − ζ k s + v = 0,
− γ rr,k 1 T pri 1 + P r,k 1 γ rr,k 1 − λ k 1 + v = 0,
ζ k s P r,k s − ξ r = 0, (48c) λ k 1 P r,k 1 − ξ r = 0, (48d) 
Meanwhile, for the k 1 -th radar-only subcarrier, Eqs. (49b) and (49d) imply that the optimal allocation solution can be given by P * r,k 1 = 1 T pri v * − 1 γ rr,k 1 (52) when P r,k 1 > ξ r , or P * r,k 1 = ξ r .
Thus, combing Eqs. (50), (51), (52) and (53), the optimal allocation solution given in proposition 3 can be proofed. TAO ZHOU is currently pursuing the Ph.D. degree in signal and information processing with the University Electronic and Science Technology of China (UESTC), Chengdu, China. His current main research interests include statistical signal processing, radar signal processing and array signal processing, and especially detection and localization technology.
